We give an elementary derivation of the chiral magnetic effect based on a strong magnetic field lowest-Landau-level projection in conjunction with the well-known axial anomalies in two-and four-dimensional space-time. The argument is general, based on a Schur decomposition of the Dirac operator. In the dimensionally reduced theory, the chiral magnetic effect is directly related to the relativistic form of the Peierls instability, leading to a spiral form of the condensate, the chiral magnetic spiral. We then discuss the competition between spin projection, due to a strong magnetic field, and chirality projection, due to an instanton, for light fermions in QCD and QED. The resulting asymmetric distortion of the zero modes and near-zero modes is another aspect of the chiral magnetic effect.
Dirac Operators, Dimensional Reduction and Axial Anomalies
In this first section we present an elementary relation between the chiral magnetic effect [1, 2, 3, 4, 5, 6] and the axial anomalies in four-dimensional and two-dimensional space-time [7, 8] . This follows from the basic structure of the Dirac operator, together with the lowestLandau level (LLL) projection produced by a strong magnetic field, a basic feature of the phenomenon of magnetic catalysis [9] . We first review the sub-block structure of the Dirac operator and the associated Schur decomposition [10] of the propagator.
Lowest Landau Level Projection
We adopt the following conventions for Dirac matrices in four dimensional Minkowski space:
where σ j , j = 1, 2, 3, are the 2 × 2 Pauli matrices, and 1 is the 2 × 2 identity matrix. It is convenient to write these 4 × 4 Dirac matrices in 2 × 2 block form:
where the 2 × 2 matrices α µ andα µ are:
The Dirac matrices satisfy the anti-commutation relations, {γ µ , γ ν } = 2 η µν , with Minkowski metric η µν = diag(1, −1, −1, −1). The Dirac operator is defined to be D / = γ µ (∂ µ − ieA µ ), where later we will take the gauge field A µ to have both abelian and non-abelian parts, but for now we take it to be abelian. Thus, we have a natural decomposition of the 4 × 4 Dirac operator into 2 × 2 sub-blocks: 
The operators DD andD D differ from one another, and from the Klein-Gordon operator D µ D µ , in their spin-projection terms:
where the 2 × 2 spin matrices,
are the sub-block components of the usual 4 × 4 spin matrices
Now, suppose we have a background electromagnetic field consisting of a magnetic field B = (0, 0, B), and an electric field E = (0, 0, E), both of which are pointing in the x 3 direction. We do not need to assume that these fields are uniform, but we choose B = B(x 1 , x 2 ) and E = E(x 0 , x 3 ), choosing gauge field A µ = (A 0 (x 3 ), A 1 (x 2 ), A 2 (x 1 ), A 3 (x 0 )), which satisfies ∂ µ A µ = 0. Then, with only a third component of both the electric and magnetic field, the 2 × 2 operators in (6) and (7) reduce to
because σ 12 =σ 12 = −σ 3 , while σ 03 = −σ 03 = iσ 3 . The important point in (10) and (11) is that both 2 × 2 operators DD andD D are diagonal in terms of their Dirac matrix structure.
To understand the effect of a strong magnetic field, and in particular its projection to the lowest Landau level (LLL), consider the factorization of the Klein-Gordon operator, for this case parallel E and B in the x 3 direction:
If the magnetic field is constant, and for example in the symmetric gauge A 1 = − B 2 x 2 , and A 2 = B 2 x 1 , then we can adopt complex coordinates, z = x 1 + ix 2 ,z = x 1 − ix 2 , to write (13) If eB > 0 we choose the upper sign to obtain normalizable solutions, with the Gaussian factor exp(− eB 4 |z| 2 ), in which case we see that the eB term in (12) cancels the spin term in (10) and (11) , when σ 3 = +1. Thus the magnetic component of the Dirac operators leads to a zero mode of the 2 × 2 operators DD andD D, when the spin is aligned along the direction of the magnetic field. In fact, this also applies to the situation of an inhomogeneous B(x 1 , x 2 ) field, and the degeneracy of this lowest-Landau-level (LLL) is given by the integer part of the net magnetic flux; this is the Aharonov-Casher theorem [11, 12] , the projection onto the LLL.
Schur decomposition of Dirac propagator
The Schur decomposition gives an elementary algebraic decomposition of the inverse of a matrix in terms of its sub-block structure [10] . This leads immediately to an associated sub-block decomposition of the Dirac propagator, and as we show, it also provides a simple description of the lowest Landau level projection in a strong magnetic field, which is the key to magnetic catalysis [9] .
Consider a matrix M written as
We stress that at this point we have only used elementary algebra to express a general Dirac propagator in terms of its 2 × 2 sub-block structure. From these Schur decompositions, we can reduce the expectation values of the charge and axial currents to much simpler forms. By straightforward manipulations we find for the charge current
and for the axial current
= i e tr 2×2 Dα
Here we have used the facts that (α ναµ + α µαν ) = 2η µν 1 2×2 , while (α ναµ − α µαν ) = 2iσ µν . In particular, note that sinceσ
Again, thus far we have only used elementary algebra to reduce the expectation values of the 4 × 4 matrices and propagators to expressions involving just 2 × 2 matrices and propagators.
Currents and anomalies in the lowest Landau level projection
Now suppose the background field consists of a very strong magnetic field in the x 3 direction. Then we project onto the LLL, which means that the states contributing to the 2 × 2 expectation values have σ 3 = +1. Therefore, we see immediately that in this LLL projection limit, where we project onto motion along the magnetic field direction, we can write for the remaining currents:
where the epsilon symbol is 03 = +1 = − 30 . This is exactly the relation between the charge and axial current in two dimensional space-time.
Furthermore, suppose the four dimensional background field consists of a strong magnetic field and also an electric field, both directed along the x 3 axis. Then, following the analysis of the first section, we choose a gauge field of the form
Then a simple two dimensional computation yields current expectation values for Dirac indices 0 and 3 (we adopt the convention of using capital Roman indices M, N to denote the components of the dimensionally reduced (x 0 , x 3 ) plane):
where eB 2π
is the Landau degeneracy factor, in its local Aharonov-Casher form. Note that these expressions are consistent with charge current conservation and the two dimensional axial anomaly:
In this LLL projection limit, we can alternatively express this result in four dimensional language as
which expresses charge current conservation and the four dimensional axial anomaly. This makes it clear that the relevant anomaly is the "covariant" anomaly, rather than the "consistent" anomaly. For abelian theories these differ by a factor of 1/d in (2d − 2) space-time dimensions, while for non-abelian theories the covariant and consistent anomalies have different field structure [15, 16] .
To make the connection with the chiral magnetic effect, we note that it is natural to identify A 0 (x 3 ) with a spatially dependent chemical potential, and A 3 (x 0 ) with a time dependent chiral chemical potential:
For A 0 and µ this is obvious, because the coupling is given by µψγ 0 ψ. For A 3 and µ 5 , this follows because the coupling is µ 5ψ γ 5 γ 0 ψ, and in the LLL projection
has off-diagonal sub-blocks ∓σ 3 , and σ 3 → +1 in the LLL limit. Therefore, we can understand the two dimensional currents in (34) as
These relations express the chiral magnetic effect, which we see is a direct consequence of the axial anomalies in two and four dimensional space-time, after the LLL projection caused by a strong magnetic field. The coefficients are fixed completely by the anomaly equations. For a complementary discussion of the relation between chiral asymmetry and the axial anomaly, see [17] . Parallel electric and magnetic fields produce electron-positron pairs from vacuum, and because of the LLL projection caused by the strong magnetic field, correlated with spin and charge, this results in a net flow of chirality along the direction of the fields, in accordance with the Schwinger pair production rate and the chiral magnetic effect.
Chiral Magnetic Effect and the Schwinger Effect
The chiral magnetic effect can also be understood naturally in terms of the Schwinger effect [18, 19] , particle production from vacuum, which occurs when there is a non-zero electric field background, as illustrated in Figure 1 . With approximately constant parallel electric and magnetic fields directed along the x 3 axis, the Schwinger pair production rate, per unit volume, is given by
When B → 0 we recover the usual result for a pure electric field, and for nonzero magnetic field we find an enhancement of the rate which is linear in B in the strong magnetic field limit. Positrons are accelerated along the direction of the electric field, and electrons in the opposite direction. In the massless fermion limit this corresponds to a net production and flow of chirality, because the lowest-Landau-level projection projects spin according to the charge and the direction of the magnetic field. Thus we find the rate of change of chirality
in agreement with the axial anomaly (36) and the chiral magnetic effect (39) . The electric field produces the acceleration while the strong magnetic field provides the LLL projection that correlates spin with the direction of flow of charge, and hence also of chirality. Physically, a spatially dependent A 0 (x 3 ) produces charge separation, as for a local chemical potential, while a time dependent A 3 (x 0 ) drives a current along the direction of the electric field [20] , which in the LLL projection corresponds to a flow of chirality.
Maxwell-Chern-Simons theory and the Schwinger model
The interpretation of the chiral magnetic effect in terms of the effect of an electric field directed along the same direction as the strong magnetic field is also very natural in terms of an effective Maxwell-Chern-Simons theory resulting from an adiabatic space-or timedependent theta parameter [5] . Express the theta term in the Lagrangian as (up to a total derivative)
where
The pseudo vector P µ encodes the anomalous terms from the chiral magnetic effect, modifying the usual inhomogeneous Maxwell equations to read
The effect of a spatially inhomogeneous theta parameter, with the interpretation of its gradient being a spatially inhomogeneous chemical potential µ ∼ A 0 . The resulting spatially inhomogeneous electric field produces a build up of negative charge at the left-hand inhomogeneity and positive charge at the right-hand inhomogeneity, producing the electric charge separation of the chiral magnetic effect.
The effect of a time dependent theta parameter, with the interpretation of its gradient being a time-dependent chiral chemical potential µ 5 ∼ A 3 in the LLL projection. Via the Schwinger effect, the resulting time dependent electric field produces a flow of electric current linear in A 3 (t), and in the LLL projection this corresponds to a net flow of chirality.
From (39) , in the strong magnetic field limit we project to the 2d (x 0 , x 3 ) plane with the identifications
Furthermore, in the strong magnetic field limit, the Chern-Simons current projects to the 2d (x 0 , x 3 ) plane as
Therefore, in the strong magnetic field limit, the theta term in (42) reduces to a mass term of the 2d gauge field, providing an explicit realization of the 2d Schwinger model [21, 7] , with the effective Maxwell equations in the reduced 2d (x 0 , x 3 ) plane being written as
In physical terms, we see from (45) that a spatial inhomogeneity in the theta parameter corresponds to a non-zero A 0 (x 3 ), which is a spatially inhomogeneous chemical potential. We expect this to produce charge separation. In terms of the Schwinger effect, this is illustrated in Figure 2 , depicting a spatial region of non-zero θ. At the edges, the gradient is non-zero, which produces a spatially inhomogeneous electric field, as shown in the Figure. This leads to an accumulation of opposite charges at the edges of the region of non-zero theta. On the other hand, a time-dependence in the theta parameter corresponds to a non-zero A 3 (x 0 ), which acts as a chiral chemical potential in the LLL projection limit. For example, consider an electric field turning on smoothly at some early time, and turning off smoothly at some later time, as shown in Figure 3 . Then the A 3 (x 0 ) field is approximately constant over the time of nonzero electric field, and this is known to drive a current < J 3 > that is linear in A 3 (x 0 ) [20] , in agreement with the chiral magnetic effect relation (39).
Chiral Magnetic Spiral
In this Section we elaborate more on the dimensional reduction to two-dimensions due to strong magnetic field. In particular, we will show that the expectation values of vector and axial currents, < J µ > and < J µ 5 >, can be expressed in terms of various fermionic bilinears whose dynamics are governed by a two-dimensional Lagrangian. The two dimensional axial anomaly reproduces the well known chiral magnetic effect. Furthermore, in addition to the chiral magnetic effect, the universal dynamics of two-dimensional chiral fermions implies the existence of additional currents which are transverse to the magnetic field, and have a spiral modulation along the direction of the field: the "chiral magnetic spiral" [22] .
Basic setup and dimensional reduction
We decompose the 4-component spinor in terms of eigenstates of the chiral projectors,
(1 ± Σ 3 ), and the momentum direction projectors
, and
We can write the 4-component spinor field as
The four-component spinor can be decomposed into two-component sub spinors in various ways. The chirality and spin decompositions respectively are
where ± denotes the direction of motion along x 3 , the direction of the magnetic field. The corresponding four-dimensional currents can as well be decomposed in terms of chirality and spin sub-spinors. The vector currentΨγ µ Ψ has the decomposition
The axial current J µ 5 =Ψγ µ γ 5 Ψ has a similar form:
Here we have defined the two-dimensional gamma matrices as
where the interaction term does not couple left and right sectors. Since γ 0 γ µ is also blockdiagonal in the chiral basis, the left and right sectors are completely decoupled and can be treated as independent "flavors" in the Lagrangian (52) . Each chiral sector has its own associated current
Here f = L, R, and α R = −α L = 1. Even though the left and right currents seem to be completely independent, the conservation of vector current ∂ µ J µ = 0 still holds. Now let us consider the lowest Landau level projection in the presence of a very strong magnetic field B directed along x 3 direction as in Section 1.1. If the magnitude of the magnetic field is the largest scale in the problem, then the transition from the lowest Landau orbit to an excited orbit will be exponentially suppressed and motion along the transverse x 1 x 2 plane will be frozen. The kinetic term in the Lagrangian (52) then becomes:
by using the definition of two-dimensional gamma matrices above. This is the kinetic term of a two-dimensional Lagrangian. Let us further assume that the dimensionally reduced interaction term
is invariant under the two-dimensional chiral rotation:
for an arbitrary function ζ f (z, t). This two-dimensional notion of chirality generated by Γ
5
should not be confused with the four-dimensional chirality generated by γ 5 . The former acts on each right and left subspinor separately. Also, the four-dimensional chiral Lagrangian (52) does not have a term that couples right and left sectors so the system never develops a condensate such as <ψ R ψ L >, and the four-dimensional chiral symmetry is never broken in our consideration. However, the dimensionally reduced system may exhibit dynamical breaking of the two-dimensional chiral symmetry (55) 4 . As an example let us consider the decomposition of the four-dimensional current-current interaction
In two-dimensions this corresponds to a Thirring interaction. Similarly, the transverse components
generate a chiral Gross-Neveu or Nambu-Jona-Lasinio (NJL) interaction in two-dimensions [23] . Note that both (56) and (57) are invariant under (55) and exhibit chiral symmetry breaking in two-diemsions. The emergence of the Schwinger model from dimensional reduction of four-dimensional Maxwell-Chern-Simons theory investigated in Section 1.5 is another example. To sum up, the four-dimensional currents (53) are governed by a two-dimensional chiral Lagrangian
after dimensional reduction due to the strong magnetic field. We now show that the Lagrangian (58) has certain model-independent properties concerning the expectation values of the fermion bilinears <ψ f Γψ f >. These are the building blocks of the expectation values of the four-dimensional currents (50, 51) . Note from (50) that < J 0 f > and < J 3 f > are expressed in terms of two-dimensional densities and currents of ψ f , while the perpendicular components < J 1 f >, < J 2 f > are expressed in terms of twodimensional scalar and pseudoscalar condensates of ψ f .
Life in two-dimensions
Besides the magnetic field, the other necessary ingredient for chiral magnetic and/or separation effects is ambient charge density. In particular a nonzero baryon chemical potential µ leads to the chiral separation effect and a chiral (four-dimensional) chemical potential µ 5 leads to the chiral magnetic effect. To keep the discussion general, let us consider nonzero chemical potential for both right and left sectors separately
which can be realized by adding the term f µ f ψ † f ψ f to the Lagrangian. In two dimensions the same term can be generated by a special local chiral transformation with a linear dependence on the spatial coordinate z in the exponent:
To see this it is sufficient to observē
where we used the gamma matrix identity Γ z Γ 5 = Γ 0 . Since we assumed that the interaction term is invariant under any local chiral rotation of the form (55), the transformation (60) does not generate any other term than the coupling to the chemical potential. Note that this feature is special to two dimensions and does not generalize directly to higher dimensions. It is also crucial to have a chiral Lagrangian in four-dimensions. This would not hold for a massive fermion for instance.
Let us start with the density < ψ † f ψ f > and the reduced current along the z direction <ψ f Γ z ψ f > which constitute the four-dimensional density (< J 0 f >) and current along the magnetic field (< J 3 f >). In Section (1.3) we have seen that the axial anomaly leads to an anomalous density in the presence of a chemical potential. In two-dimensional language, the axial anomaly
f is identified with the chemical potential µ f . Alternatively the same result can be obtained directly from path integral by observing the transformation (60) applied to the renormalized charge density <ψ † f ψ f >= 0 creates the anomalous term µ f /π [24] .
Once the projection to the lowest Landau level is implemented, only the spin up component φ ↑ survives. Therefore for a right (left) handed spinor, only the positive (negative) momentum component contributes to the anomalous density, reducing its value by a half:
The overall factor eB 2π
is the density of the lowest Landau level in the transverse plane. There is no effect of the two-dimensional anomaly on the currentψ f Γ z ψ f in general. However, the lowest Landau level projection leads to a nonzero anomalous contribution to the current as well:
The strong magnetic field selects a particular spin. Provided that there is some excess charge in the medium, the magnetic field induces a current for each chiral sector along its direction. When we transform the right and left currents back to vector and axial currents, we see the chiral magnetic and chiral separation effects in their conventional form:
Now consider another set of bilinears, those forming the scalar <ψ f ψ f > and pseudoscalar <ψ f iΓ 5 ψ f > condensates. They constitute the transverse components < J ⊥ f > of the four-dimensional currents. In the semiclassical limit where the number of fermion flavors is large, the two-dimensional systems generically exhibit dynamical breaking of the chiral symmetry (55) and the system typically acquires a nonzero scalar condensate <ψ ψ >= m = 0 at zero chemical potential. Since this is also a mass term, it means there is a gap in the energy spectrum. The existence of the gap in the energy spectrum in one spatial dimension lowers the free energy at low temperatures as it "pushes" the Dirac sea further down in the energy spectrum. Once a finite chemical potential µ is turned on, all the states with energy lower than µ will be occupied and the optimal configuration would be to open a gap right around µ to push the occupied states down and lower the free energy. This is the celebrated Peierls instability [25] . and has broad consequences in condensed matter physics. Our assumption of the invariance of the interaction under the chiral transformation (60) is sufficient to see that this scenario is indeed realized. The effect of (60) on the associated Dirac Hamiltonian is
Therefore it is always possible to shift the energy spectrum, and hence the gap, by µ with a chiral rotation. This is the relativistic version of the Peierls instability and it is proven for instance explicitly in the 2d Nambu-Jona-Lasinio model [26] , and is expected to be ubiquitous in two-dimensional systems with continuous chiral symmetry. The chiral transformation (60) mixes the scalar and pseudo-scalar condensates in the following wayψ
so the existence of a nonzero condensate <ψ f ψ f >= m f = 0 at zero chemical potential generalizes into finite chemical potential as
since (67) must hold for any z. This modulated scalar/pesudo-scalar condensate is referred to as the "chiral spiral" [27, 28] . In the 2d Nambu-Jona-Lasinio model the chiral spiral is indeed the thermodynamically preferred phase at low temperatures [26] . The chiral spiral translates into transverse components of the four-dimensional currents modulated in z:
which we call the "chiral magnetic spiral" [22] . Here the amplitudes c R,L depend on the particular two-dimensional Lagrangian and are functions of the temperature, magnetic field and possibly other parameters in the model. However the chemical potential and space dependence of the currents is universal. φ R,L are relative phases of the left and right chiral condensates. It should be emphasized that, as opposed to the longitudinal currents, the chiral magnetic spiral mixes up and down spin components. This can be seen in the spin decomposition of the currents (50, 51) . In the lowest Landau projection, these pairings between spin up and down spinors correspond to excitations which can be described as a pairing of a particle with momentum µ f and a hole with momentum −µ f . This is because the particle and hole have opposite charges and therefore opposite spins in the lowest Landau level projection. Thus the excitation itself has momentum ±2µ f . This explains why the currents have the sinusoidal modulation in the z direction.
In heavy ion collisions, the chiral magnetic spiral can induce both out-of-plane and inplane fluctuating charge asymmetries (the explicit separation of out-of-plane and in-plane fluctuations has been performed [29] on the basis of STAR data [30, 31] ). In the absence of topological fluctuations (µ 5 = 0), at finite baryon density (µ = 0), and in the chirally broken phase, the charge current has only transverse components, and the charge asymmetry will fluctuate only in-plane. It should be kept in mind that the presence of magnetic field increases the chiral transition temperature [9] . If topological fluctuations are present in the chirally broken phase (e.g. due to the presence of meta-stable η domains [32] ), the CME current can be carried by the chiral magnetic spiral. The chiral magnetic spiral has also been seen in a holographic study [33] in the framework of Sakai-Sugimoto model of holographic QCD [34] .
Fermions in an instanton and magnetic field background
The previous discussion, along with many other papers, has presented the chiral magnetic effect as the flow of electrical charge as the result of some externally produced chirality imbalance, represented by a non-zero µ 5 . In this Section we consider the situation in which this chirality imbalance is produced not by an explicit µ 5 , or by a time-dependent A 3 , but instead as a result of a topologically non-trivial gauge background like an instanton. Since quarks carry both electric and color charge, they couple to both electromagnetic and gluonic gauge fields. In this Section we discuss some features of the spectral problem for fermions in the combined background field of a strong magnetic field and an instanton [35] . To illustrate the effect most clearly we take a single instanton in SU (2). We are motivated by situations in which quarks experience both types of fields, such as in dense astrophysical objects such as neutron stars and magnetars, and in heavy ion collisions such as those at RHIC and at CERN [3, 36, 37] . We are also motivated by recent lattice QCD analyses [38, 39, 40, 41, 42, 43] , which provide important numerical information about the Dirac spectrum in both QCD and magnetic field backgrounds. Analytically, while the effect of each individual background is very well known, their combined effect turns out to be quite intricate. In these lattice studies, certain matrix elements associated with chiral effects receive dominant contributions from zero-modes and near-zero-modes, so we pay particular attention to the low end of the spectrum, and show that certain generic features have a very simple analytic explanation.
As discussed already, a magnetic field introduces a Landau level structure to the fermion spectrum, in which the zero modes of the associated two-dimensional Euclidean Dirac operator have definite spin, aligned along the magnetic field [11, 12] . For a constant magnetic field on a torus, as appropriate for lattice QCD analysis, this has been studied recently in [44, 45, 46] . The appropriate formalism is that of the magnetic translation group [47] . In a gluonic field with nontrivial topological charge (for example, an instanton), the fermion spectrum of the four-dimensional Euclidean Dirac operator also has zero modes, with chiralities determined locally by the local topological charge of the gauge field [48, 49, 50, 51, 52] . For a single instanton the fermion spectral problem has a conformal symmetry [53, 54] , and the zero modes are localized on the instanton, falling off as a power law with Euclidean distance. The conformal symmetry is broken by the introduction of a magnetic field, and now the zero modes develop an asymmetry, falling off in Gaussian form in the plane transverse to the B field, but as a power law in the other two directions. This basic asymmetry is an important feature of the phenomena of magnetic catalysis [9] and the chiral magnetic effect [1, 2, 3, 4, 5], as sketched in Fig. 4 . B Figure 4 : A sketch of the topological charge density, q ∝ trF µνFµν , for a single instanton [red] , and the density of the quark zero mode [grey] . On the left, there is a single instanton, and both densities fall off as power laws, with q falling off faster. On the right, with the introduction of a magnetic field, the topological charge density is unchanged but the zero mode density is distorted into an asymmetric shape, localized along the direction of the strong magnetic field.
Euclidean Dirac Operator
To discuss a combined background of an instanton and a static magnetic field we use Euclidean Dirac matrices, instead of the Minkowski ones used in the previous Sections. Our conventions follow those of [51] , expressing the 4 × 4 Dirac matrices, γ µ , for µ = 1, 2, 3, 4, in terms of the 2 × 2 matrices α µ = (1, −i σ) andᾱ µ = (1, i σ) = α † µ , [here σ are the usual 2 × 2
Pauli matrices]:
Thus, the Euclidean Dirac operator can be expressed as
where the covariant derivative, D µ = ∂ µ − iA µ , is written with a hermitean gauge field, A µ , and x 4 is the Euclidean time coordinate. We write the gauge field A µ as a sum of a non-abelian part, A µ , and an abelian part, a µ :
with the respective coupling constants absorbed into the gauge fields. The Dirac operator is anti-hermitean, so we write (with λ real)
Since {γ 5 , / D} = 0, we can take λ in (73) to be non-negative, with the negative eigenvalue solutions simply given by ψ −λ = γ 5 ψ λ . This means that we can effectively discuss the zero modes (λ = 0) separately, and for the nonzero modes (λ = 0) we consider the squared operator:
The positive chirality sector, χ = +1, is described by the operator DD † , while the negative chirality sector, χ = −1, is described by the operator D † D. We can write these operators as χ = +1 :
We have used [D µ , D ν ] = −iF µν , where F µν is the field strength associated with the gauge field A µ , and the spin matricesσ µν and σ µν are defined as
In (75,76) we have used the properties [51] :ᾱ µ α ν = δ µν + iσ µν , and α µᾱν = δ µν + iσ µν . For non-zero modes [i.e., solutions to (74) with λ = 0], the operators DD † and D † D have identical spectra, for any background field. This is simply because we have an invertible map: suppose the 2-component spinor v satisfies D † Dv = λ 2 v. Then u = Dv is clearly an eigenfunction of the other operator, DD † , with precisely the same eigenvalue:
with the same eigenvalue. Thus, when λ = 0, we can write the 4-component spinor solution in the form
or in the form
This is true for any background field: non-abelian, abelian, or both.
Magnetic field background
For a constant (abelian) magnetic field, of strength B, pointing in the x 3 direction, we have an abelian field strength f 12 = B, and so we find
where we have used the fact thatσ 12 = σ 12 = σ 3 . Due to the subtraction term, −Bσ 3 , it is possible to have zero modes, and since DD † = D † D these zero modes occur in each chiral sector. More explicitly, we can make a Bogomolnyi-style factorization similar to (12) and write
For zero modes, we take ∂ 3 = ∂ 4 = 0, and with B > 0 we choose the upper signs to ensure normalizable modes. For example, in the symmetric gauge where the abelian gauge field
the zero modes can be expressed in terms of the normalizable solutions to (D 1 + iD 2 ) u = 0:
Here g(z 1 ) is a holomorphic function of the complex variable z 1 = (x 1 + ix 2 ). Both sets of zero modes have spin up, aligned along the B field; this is just the familiar lowest Landau level projection onto spin up states. Note also that the zero modes have the characteristic Gaussian factor in the (x 1 , x 2 ) plane, transverse to the direction of the magnetic field. This factor is the origin of the distortion sketched in the right frame of Fig. 4 . The number of zero modes per unit two-dimensional area [in the (x 1 , x 2 ) plane] is given by the Landau degeneracy factor, the magnetic flux per unit area: B/(2π). In fact, even for an inhomogeneous magnetic field B(x 1 , x 2 ), pointing in the x 3 direction, the number of zero modes [of each chirality] is determined by the integer part of the magnetic flux (this is the essence of the Aharonov-Casher theorem [11] ). For example, on a torus [12] :
The higher Landau level states are the same for both spins, because (−D − D + + B) and (−D + D − −B) have identical spectra, apart from the lowest level, which only has spin aligned along the magnetic field.
Instanton background
For an instanton field, A µ , the (non-abelian) field strength F µν is self-dual [that is: F µν =F µν , where the dual tensor is defined:
Then the anti-self-duality property of σ µν [that is:σ µν = − 
µ is a positive operator, this means that for an instanton background there can be no zero mode in the positive chirality sector. On the other hand, due to the subtraction term, −F µν σ µν , in D † D, it is possible to have a zero eigenvalue solution in the negative chirality sector, and it has the form
[For an anti-instanton, an anti-self-dual field with F µν = −F µν , the zero mode lies in the positive chirality sector, because σ µν is self-dual: σ µν = 1 2 µνρσ σ ρσ .] For a general non-abelian gauge field A µ , which is neither self-dual nor anti-self-dual, the Atiyah-Singer index theorem [56, 52] states that the difference between the number of positive and negative chirality zero modes is given by the topological charge of the gauge field: τ a in terms of the Pauli matrices τ , and we can write the single instanton gauge field [55] , centered at the origin, in the regular gauge as
where ρ is the instanton scale parameter, and η a µν is the self-dual 't Hooft tensor [48, 51] . The topological charge density is
There is a single zero mode [48, 49, 50, 13, 52] , also localized at the origin, with density:
These densities both fall off as power laws, with scale set by ρ, but the topological charge density is more localized, as indicated in the left-hand frame of Fig. 4 . The nonzero modes are given by (78) or (79), and we note that the spectra are identical in each chiral sector, apart from the zero modes.
Combined instanton and magnetic field background
Physically, an instanton field projects the zero modes onto a definite chirality, while a constant magnetic field projects the zero modes onto definite spin, aligned along the direction of the magnetic field. When we combine the two background fields, both a non-abelian instanton field F µν and an abelian magnetic field f 12 = B, there is a competition between the two projection mechanisms, and the outcome depends on their relative magnitude, as we show below. Technically speaking, the instanton zero mode has a specific ansatz form that unifies space-time and color indices, while the magnetic zero modes have a natural holomorphic structure, and these two different ansatz forms do not match one another. The competition between these two ansatz forms makes the combined problem nontrivial. For an instanton field, since the field falls off as a power law, all eigenmodes also fall off with power law behavior. On the other hand, once a constant magnetic field is introduced, for example in the gauge (82), all the eigenstates (even those in the higher Landau levels) have a Gaussian factor exp(−B|z 1 | 2 /4) that localizes the modes near the axis of the magnetic field. This is the reason for the distorted density in the right-hand frame of Fig. 1 . In the extreme strong magnetic field limit this leads to a dimensional reduction to motion along the magnetic field, with interesting physical consequences such as magnetic catalysis [9] and the chiral magnetic effect [1, 4, 5] .
Concerning zero modes, we begin with a simple but important comment: in the index theorem (88), the magnetic field makes no contribution, since with the field strength decomposed into its non-abelian and abelian parts, F µν = F µν + f µν , we have
where dim is the dimension of the Lie algebra representation of the non-abelian gauge fields. The cross terms vanish since the Lie algebra generators T a are traceless, and the f µνfµν term vanishes since there is no abelian electric field. For example, if there is no nonabelian field, just an abelian magnetic field, then the topological charge clearly vanishes, and the index theorem (88) is consistent with the fact that DD † = D † D for an abelian magnetic background (recall (80)), so that there are the same number of zero modes in each chiral sector. Now, with both background fields present, we find
Notice that the eigenvalues of DD † are simply those of the scalar operator −D 2 µ , with a spin term ±B, as can be seen clearly in Figure 3 .5. The fact that there is a subtraction term from the positive operator −D 2 µ in both chirality sectors tells us that it is possible to have zero modes for each chirality, but their number will depend on the relative magnitude of F and B.
In the next Section we study a specific model where we can quantify this precisely. Another important implication is that we may also have some "near-zero-modes", where the F and B subtractions do not exactly cancel the lowest eigenvalue of −D 
Large instanton limit: Covariantly constant SU (2) instanton and constant abelian magnetic field
In the very strong magnetic field limit, where the magnetic length, 1/ √ B, is small compared to the instanton size ρ, we expect a significant distortion of instanton modes and currents. In this limit we can make a simple approximation that reduces the problem to a completely soluble system.
In the large instanton limit, we expand the instanton gauge field as:
To leading order in such a derivative expansion, the non-abelian gauge configuration A a µ (x) is self-dual and has covariantly constant field strength: F a µν = − 4 ρ 2 η a µν . In this limit we can make an SU (2) "color" rotation, along with a choice of Lorentz frame, to make the instanton field diagonal in the color space (we choose the τ 3 direction), so that the field is self-dual, covariantly constant and quasi-abelian. Defining the instanton scale F = 2 ρ 2 , the combined gauge field, including also the abelian magnetic field as in (72), can be written as:
This gauge field is fully diagonal and moreover is linear in x µ , so the problem is analytically soluble (this is the basic premise of the derivative expansion). The only nonzero entries of the field strength tensor are
In the absence of the magnetic field the field strength is self-dual, F 12 = F 34 , but a nonzero magnetic field breaks this symmetry. The topological charge density is (recall the normalization of the generators)
A natural question to ask is: in such a constant field strength background, the wave functions have a Gaussian spatial dependence in the plane transverse to the direction of the field, characteristic of the Landau problem, so how can we recover the power-law dependence of the zero modes in an instanton background? This happens as follows. Recall [52] that with the appropriate ansatz for the zero mode, the zero mode equation reduces to a first-order radial equation
where r is the Euclidean distance. At short and long distances, this zero mode behaves as
On the other hand, if we make the above choice (97) of a constant field to represent a large instanton, we have instead the zero mode equation
which has the correct short-distance behavior but which is Gaussian rather than power law at large distances. We can recover the correct power-law behavior by restoring the instanton size parameter, including the sub-leading terms in (96), and expanding the zero mode equation as
The leading term represents the leading term of the derivative expansion of the instanton field, and is solved by the Gaussian factor. Absorbing this Gaussian factor by writing ψ 0 = e −3r 2 /2 χ 0 (r), the resulting equation for χ 0 (r) is
which suggests writing χ 0 = e 3r 4 /4 φ 0 (r). Continuing this process order by order in the derivative expansion, we obtain
thereby recovering the correct power-law decay from the derivative expansion of the instanton background, as illustrated in Figure 3 .5.
3.6 Dirac spectrum in the strong magnetic field limit
To study the Dirac spectrum with both a magnetic field and an instanton we consider the 2 × 2 operators DD † and D † D in (75,76). Notice first that
It is convenient to factor the 4-dimensional Euclidean space and consider separately the (x 1 , x 2 ) plane and the (x 3 , x 4 ) plane. Then in the (x 1 , x 2 ) plane we have a (relativistic) Landau level problem with effective field strength (B − F ) in the τ 3 = +1 sector, and with effective field strength (B + F ) in the τ 3 = −1 sector. In the (x 3 , x 4 ) plane we also have a (relativistic) Landau level problem, now with effective field strength −F in the τ 3 = +1 sector, and with effective field strength F in the τ 3 = −1 sector. In the (x 1 , x 2 ) plane the sign of the effective field strength depends on which of B or F is larger, and in the strong B field limit, both B ± F are positive.
When B > F , both (B − F ) and (B + F ) are positive. Thus, each color component of F 12 is associated with a positive "magnetic" field. On the other hand, for F 34 , the τ 3 = +1 sector has a negative field strength, while the τ 3 = −1 sector has a positive field strength. We first consider the τ 3 = +1 case. Then F 12 = (B − F ), F 34 = −F , F µνσµν = 2Bσ 3 , and F µν σ µν = 2(B − 2F )σ 3 . With a positive field strength the normalizable zero state is given by (D 1 + iD 2 ) u = 0. But since F 34 is negative, we factorize the corresponding covariant derivatives in the opposite order, in order to obtain a normalizable state annihilated by (D 3 − iD 4 ). Thus, we have, for chirality χ = ±1, respectively:
This shows that there is a zero mode, when the spin term Bσ 3 cancels the B term from the Bogomolnyi factorization of the covariant derivative term. This occurs in the positive chirality sector, χ = +1, and with spin up: σ 3 = +1. Now consider the τ 3 = −1 case. Then F 12 = (B + F ), F 34 = F , F µνσµν = 2Bσ 3 , and F µν σ µν = 2(B + 2F )σ 3 . All field strengths are positive, so we write, for chirality χ = ±1, respectively:
This shows that there is a zero mode, but now in the opposite chirality sector, χ = −1, and also with spin up: σ 3 = +1.
To summarize: when B > F , the τ 3 = +1 color sector has spin up zero modes with positive chirality, while the τ 3 = −1 color sector has spin up zero modes with negative chirality. We can count the number of zero modes in each chirality sector by simply taking the product of the Landau degeneracy factors for the (x 1 , x 2 ) and (x 3 , x 4 ) planes, with the corresponding effective magnetic field strengths. Therefore, the corresponding Landau degeneracy factors give the zero-mode number densities (i.e, the number per unit volume):
The index (density) is the difference,
in agreement with the general index theorem (88), in view of (99). We also note that the total number density of zero modes
is linearly proportional to the magnetic field strength B. This is in agreement with numerical lattice gauge theory results [41] . It is worth emphasizing that if torus boundary conditions x µ ∼ x µ + L µ are imposed, then the fluxes are quantized as BL 2 = 2πM and F L 2 = 2πN . Here M and N are positive integers. Consequently the index and total number of zero modes are given by also by integers
Moreover, the instanton solution with constant field strength (96) is shown to be an exact solution of Yang-Mills equations on a four torus [57, 58] . Even with the inclusion of the magnetic field, (97) stays as a solution. Therefore on a on four-torus, there is no restriction on the magnitude of B and F (i.e. we do not have to consider a large instanton) and our counting of the zero modes (115) becomes exact for any integer M and N .
Physical picture: competition between spin and chirality projection
These results lead to the following simple physical picture. The instanton tries to generate a chirality imbalance but is neutral to the spin, whereas the magnetic field tries to generate a spin imbalance but does not affect the chirality. Depending on which is stronger, the zero modes have either a definite spin with a chirality imbalance (B > F ), or a definite chirality with a spin imbalance (F > B). Also we see that in the former case, the total number of zero modes scales with B and is not equal to the index. More explicitly, for the B > F case, consider starting with just a strong magnetic field B, later turning on a weak instanton field. Without the instanton field, the zero modes and their degeneracy are given by the Aharonov-Casher theorem (84), so that the zero mode density is the Landau degeneracy factor B/(2π) for each chirality sector. All the zero modes are spin up, as is familiar for the lowest Landau level (see Fig. 2 ). There is an equal number of positive and negative chirality zero-modes, which is consistent with the index theorem, since the topological charge vanishes for a constant B field. Now consider turning on an instanton field F , with B > F > 0. We see from (111,112) that the effect of the instanton is to flip some of the chiralities:
2 positive chirality modes become negative chirality modes, leading to a chirality imbalance of On the other hand, the total number of zero modes, BF 2π 2 , grows linearly with the magnetic field when F is nonzero. two ways, depending on which chirality supports zero modes,
An important set of quark bilinears involve the spin tensor Σ µν :
This representation makes clear the natural decomposition of Σ µν into its self-dual part (σ µν ) and its anti-self-dual part (σ µν ). The bilinears are
using the 2 × 2 sub-block structure of the propagator, it is straightforward to derive the relations: 
For applications to the chiral magnetic effect, we are interested in the magnetic and electric dipole moments:
With a strong magnetic field in the x 3 direction, we concentrate on σ 
The dominant contribution to the trace over the spectrum comes from the modes with low eigenvalues of DD † and D † D. In the strong magnetic field limit, the zero modes and the near-zero-modes all have spin up, σ 3 = +1, as expected. The dominant contribution to the electric and magnetic moments are therefore: 
In particular, this means that in the strong magnetic field limit, we expect
as has been confirmed in a lattice study [38] . For the magnetic dipole moment, the main contribution comes from the zero modes, so we simply count the degeneracies in the various sectors: m <ψΣ 12 ψ > ≈ B − F 2π
which is linear in the magnetic field B. For the electric dipole moment, the near-zero-modes cancel, leaving just the zero mode contribution: m <ψΣ 34 ψ > ≈ − B − F 2π
which is independent of B, and negligible compared to BF , for B F . [Note that (134) does not imply that there is a residual electric dipole moment when B vanishes, because (134) applies only in the B F limit.] Thus, we see that the zero modes and near-zero-modes imply that <ψΣ 12 ψ > ∝ B , <ψΣ 12 ψ > <ψΣ 34 ψ >
This is in agreement with the lattice results of [39] . We note that in a full QCD calculation with dynamical quarks there is an additional instanton measure factor that scales as m N f , which should be take into account for these matrix elements.
If we now consider the fluctuations in the electric dipole moment, we find a dependence 
Conclusions
In this article we have presented several different perspectives of the chiral magnetic effect. The unifying theme is that the effect arises due to the spin projection of the lowest-Landaulevel projection that occurs in a very strong magnetic field, in conjunction with a chirality projection that relates to the axial anomaly, or to the effect of a topologically non-trivial background field such as an instanton. The effect could occur in an abelian theory with an electric field parallel to the strong magnetic field. In this case, the roles of the charge and chiral chemical potentials are played by A 0 and A 3 , respectively, and the chiral magnetic effect is seen to be precisely equivalent to the 2d axial anomaly, which is itself the dimensionally reduced LLL projection of the 4d axial anomaly. Taking this dimensional reduction seriously, in a theory with a continuous chiral symmetry, we learn further from the 2d physics that there is a spiral condensate, an immediate consequence of the relativistic form of the Peierls instability. Finally, we considered the effect on light quarks of both a magnetic field and an instanton field, showing that the competition between the chiral projection in the instanton field and the spin projection in the magnetic field is responsible for the chiral magnetic effect. We demonstrated that this is consistent with the index theorem, and illustrated the mechanism with a soluble model by taking the leading derivative expansion form of the instanton field in which the magnetic length is much smaller than the instanton scale. It would be interesting to investigate the systematic corrections to this leading approximation using the Fock-Schwinger gauge [59, 60, 61] representation of the instanton field.
